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Abstract 



The applications of the consistently coupled Schwinger-Dyson and Bethe- 
Salpeter approach to the rj-rf complex are extended to the two-photon tran- 
sition form factors of r/ and rf for spacelike transferred momenta. We compare 
our predictions with experiment and some other theoretical approaches. 
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1. In Ref. H[], we studied the 77-7/ complex and its 77 decays in a coupled Schwinger- 
Dyson and Bethe-Salpeter (SD-BS) approach (reviewed recently in, e.g., We obtained 

the pertinent masses, the pseudoscalar state mixing angle 8, the results for the axial-current 
decay constants of rig, r/o and of their physical combinations 77 and 77', the results for the 
77-decay constants of r/ an d r/ 8 , for the two-photon decay widths of 77 and r/', and for the 
mixing-independent i?-ratio constructed from them. On the other hand, the form factors 
for the transitions 7*7 — > rj and 7*7 — > rj', where 7* denotes an off-shell photon, were not 
studied in Ref. |jj although a previous reference || of ours (see also later Ref. 0) addressed 
the closely related topic of the 7*7 — > 7r° transition form factor. Namely, in that paper the 
pion was treated in the chiral (and soft) limit, which made plausible certain simplifications in 
the description of the pseudoscalar quark-antiquark (qq) bound state [see the approximation 
(0) below], making the calculation a lot easier. Nevertheless, rj and 7/ contain significant 
ss components, which are rather massive. This obviously makes such chiral-limit-based 
simplifications implausible in a quantitative treatment of the 7*7 — > 77 and 7*7 — > 7/ form 
factors. Having to refrain therefore from the chiral limit simplifications, while having to deal 
with the complications due to one off-shell photon, made Ref. [I] relegate to a later paper 
the extension of the 7/, 7/ — > 77 calculations to the off-shell case. 

Now, however, we are ready to take up the task of studying the off-shell 7*7 — > 77, 7/ 
amplitudes and supplement the results of Ref. [|l| with them, because our subsequent Ref. 
went beyond the chiral and soft limit approximation when calculating the pion 7*7 transition 
form factor. In other words, it went beyond the approximation where the qq bound state 
pseudoscalar BS vertex (say, of 7r°) of the total momentum p, 

A 3 

!>(<?, P) = ^diag[r uS (g,p),r dd -(g,p),r ss -(g,p)] , (1) 

is approximated by its leading O(p ) piece, which depends only on q, the relative momentum 
of the constituents: 

r> (q, p) « r> (q, 0) m=0 = 75 A 3 B ^ m =° . (2) 

Here T denotes the qq bound state vertex for the flavor /(= u, d, s), while A a denotes the 
a-th (a = 1, 8) Gell-Mann matrix of the flavor SU(3), with A 3 being the pertinent one for 
the neutral pion tt°, and B(q 2 ) is the scalar function from the SD solution for the dynamically 
dressed quark propagator S(q) = [A(q 2 )^[ — £>(g 2 )] -1 . The subscript m = indicates the 
case of vanishing explicit chiral symmetry breaking. This case is quite close to reality in the 
case of pions, which are almost massless. Nevertheless, in contradistinction to the SD-BS 
calculation of the on-shell decay tt° — > 77, keeping only O(p ) terms, as in the right-hand side 
of Eq. turned out to be rather inadequate for calculation of the 7*7 — > tt° form factors 
even in the pion case Therefore, Ref. 0] used a complete solution for the BS vertex 

T n o(q,p) [or equivalently, for the BS amplitude Xtt°(q,p) = S(q + p/2)T 7r o(q,p)S(q — p/2)], 
given by the decomposition into four scalar functions (q,p) multiplying independent 
spinor structures, as in Eq. (9) in Ref. 

r f f(q, p) = 75 { T f f \q, p) + j/V{ f \q, p) + i T f /(q, p) + [j/, rf] T f /(q, p) } . (3) 
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In the isospin limit, which we adopt as an excellent approximation, the uu and dd bound 
states have identical BS vertices, T uU (q,p) = r d j(g,p). However, the BS vertex T sS (q,p), 
pertaining to the much more massive strange quarks, / = s, is significantly different P,|i~0|,|lf . 

Using a complete solution (|j) in the manner of Ref. |7|, but now also for / = s, makes 
us able to calculate adequately the off-shell amplitudes Tjf(k 2 , k' 2 ) for the transitions from 
7*(/c)7 < -*)(/c / ) to // pseudoscalar of momentum p = k + k', where k 2 (and possibly also 
k' 2 ^ 0). See Eqs. (27) and (24)-(25) in Ref. for the definition of T ff (k 2 } k' 2 ) and the 
explicit expression used both for calculating it there for the on-shell case (k 2 = k' 2 = 0), 
and in the present off-shell application. The 7*7^*) transition amplitudes of the physical 
particles 77 and 77', denoted, respectively, by T n (k 2 , k' 2 ) and T v i(k 2 , k' 2 ), are then obtained as 
the appropriate mixtures of Tjjik 2 , k' 2 ) - e.g., as the obvious off-shell generalization of Eqs. 
(38)-(39) in Ref. @. 

2. The mixing scheme used in Ref. was the octet-singlet one, where 77 and 77' are 
given through the octet-singlet mixing angle 9 and the SU(3) / octet and singlet isospin zero 
states rjs and rj . They are in turn defined in the // (/ = u, d, s) basis by 

\r ]8 ) = ^=(\uu) + \dd)-2\ss)) , (4) 

\r] ) = -^=(\uu) + \dd) + \ss)) , (5) 

where it should be noted that the model calculations in Ref. |1[ and here employ the broken 
SU(3) / with an s-quark realistically more massive than u- and <i-quarks. 

In this paper, nevertheless, we opt to use a mixing scheme different from the one in 
Ref. 0, namely the nonstrange (iVS')-strange (S) scheme. In Ref. [|IJ, it was essential to 
explain the successful reproduction of the Goldstone character of the SU(3) / octet state r] 8 
and the non-Goldstone character of the SU(3)/ singlet state 770, since the Ua(1) anomaly 
causes 77' — > r] to remain massive even though 77 — > i] 8 becomes massless when the chiral 
limit is taken for all three flavors, m u , 777^, 77i s — > 0. The important role of r] s and 770, Eqs. 
(|) and @, in the discussions in Ref. fTJ made the octet-singlet mixing scheme the most 
convenient one to use there. Here, however, it is somewhat more convenient to work in the 
NS-S basis (77^5) and \r]s), where 

1 1 [2 

\Vns) = Ty^d™ 2 ) + \ dd )) = ^ \Vs) + y 3 \Vo) , (6) 

\Vs) = \ss) = -y|l?78) + T^l^o) , (7) 

and where the NS-S mixing relations are 

|?7) = cos 4>\r] NS ) - sin0 \t) S ) , (8a) 
1 7/) = sin (p \rjrrs) + cos 4>\ns) • (8b) 

The NS-S state mixing angle is related to the singlet-octet state mixing angle 9 as <fi = 
9 + arctan \/2 = 9 + 54.74° . The NS-S mixing basis is more suitable for some quark model 
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considerations. In particular, in the case of our r] 8 and i] , we again point out that Eqs. (f|)- 
(|) do not presently define the octet and singlet states of the exact SU(3) flavor symmetry, 
but rather the SU (3) /-inspired effective octet and singlet states, since \uu) and \dd) are 
practically chiral states as opposed to a significantly heavier \ss). When the symmetry 
between the NS and S sectors is broken like this, the NS-S mixing basis is more natural in 
practice. For example, if Mp denotes the mass of the meson P and a em the electromagnetic 
fine-structure constant, the expressions for the rj and rf — > 77 decay widths in this basis 
become 
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instead of Eqs. (40)-(41) in Ref. That is, instead of using the 77-decay constants 
f V8 and f vo [see Eqs. (29)-(30) in Ref. [0] one writes the 77 decay amplitudes through 
analogously defined ss two-photon decay constant f sS and the pionic 77-decay constant 
fn(tt f n ). This NS-S decomposition is more natural for the following reasons. The rj^s 
77 amplitude, 7^(0,0) = (1/^)^(0, 0) + T dJ (0, 0)] = (5/3)7X0,0), is quite close 
to its chiral limit value fixed by the QED axial anomaly [see Eqs. (26), (28) in Ref. [|TJ] 
since f n is approximated well by the usual leptonic (axial- current) decay constant /„-, while 
7^(0,0) = T S g(0, 0) is noticeably farther from the chiral limit value. However, at least 
fss ~ fss is ensured through the Goldberger-Trieman (GT) relation (which is a natural 
result in SD-BS approach). In contradistinction to that, for the decay constants appearing 
in the octet-singlet decomposition, f m < f m rather generally flJTT| in the quark-based 
approaches. 

Another advantage of the rj^s^Vs state mixing angle 0, is that one then easily notes 
the consistency of our (in Ref. and Refs. fTT|-|r3"f ) preferred mixing angle <fi = 42° with 
the value of <fi obtained in the recent thorough analysis of Feldmann, Kroll, and Stech 
(FKS) |14,15|. For reasons related to this, the NS-S mixing basis also offers the most 
straightforward way to show the consistency of our procedures and the corresponding results 
obtained using just one (6 or 0) state mixing angle with the two-mixing-angle scheme fl"6| , |l7l , 
which is defined with respect to the mixing of the decay constants. This is explained in 
detail in our Ref. JTT|, which improved the analysis of mixing in the 77-7/ complex over that 
performed in Ref. only to confirm^ the preferred value of the state mixing angle found 
already in Ref. |IJ, namely = 42° (or equivalently, 9 = —12.7°). This is practically fll 
the same as the result of the "FKS scheme and theory" [|14| , |T5 
data. We thus use this mixing angle value in 



181 , and in agreement with 



cos(pT riNS (k 2 , k' 2 ) — sm(pT ris (k 2 , k 



/2\ 



Tfj{k , k ) 

T n i(k 2 \k' 2 ) = sin 4>T VNS (k 2 ,k' 2 ) + cos 4>T vs (k 2 ,k' z ) . 



(11) 
(12) 



x See also our shorter Ref. 12]. 
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These amplitudes are the two-photon transition form factors of rj and rj'. In Fig. 1, we 



follow the CELLO collaboration [19| in presenting results on the form factors in terms of 
the convenient combination 

^f^\T P {k\k' 2 )\\ {P = ^^i). (13) 

Its on-shell limit k 2 = k' 2 = returns the rj, rj' — > 77 widths ©-(0) already studied in 
Ref. 0. In the present paper, we evaluate the amplitudes (|TT|)-(1T2|) in the cases in which 
one or both photons are off-shell and spacelike, k 2 = —Q 2 < 0, k' = —Q' 2 < 0. 

In this paper we use the same SD-BS model PJTOf, model parameters and solutions for 
the dressed quark propagators and the corresponding quark-antiquark bound states as in 
Ref. [0. The incorporation of the quark-photon interactions is also the same as adopted 
there through the scheme of a generalized impulse approximation, where all propagators, 
bound-state vertices, and quark-photon vertices are dressed. (This impulse approximation 
in the present application is illustrated by the pseudoscalar-photon-photon triangle graph in 
Fig. 1 of Ref. (![].) This is necessary for reproducing exactly and analytically anomalous 77 
(on-shell) amplitudes Qin the chiral limit, and requires the usage of a dressed quark-photon 
vertex satisfying the vector Ward-Takahashi identity. The Ball-Chiu (BC) |22| vertex is 
used in Ref. an d thus also here. The off-shell amplitudes 

T ms (-Q 2 ,-Q> 2 ) = l=[ TuU (-Q 2 ,-Q' 2 ) + T dl! (-Q 2 ,-Q' 2 )] = ^(-Q 2 , -Q' 2 ) (14) 

(obtained by working, as in Ref. in the isospin limit) and 

T vs (-Q 2 , -Q' 2 ) = T ss (-Q 2 , -Q' 2 ) , (15) 

are calculated numerically in the same way as it was done for the pion in Ref. [J/J, also still 
keeping the approximation used there, which consists in discarding the second and higher 
derivatives in the momentum expansions. 

3. The results on the rj', rj, and 7r° transition form factors are presented in Fig. 1 in the 
spacelike momentum range < Q 2 < 8 GeV 2 , along with the experimental data fll9| , |2~3" ,24 



There are three sets of three theoretical curves each. The highest of these triplets pertains 
to f]', the middle one to 77, and the lowest one to 7r°. The same holds for the three distinct 
groups of data. 



All of the displayed data points [ 19, 23, 24 1 3 as well as the solid and dotted curves in each 



of the curve triplets, pertain to the 7*7 case of one photon of spacelike virtuality and one 
real photon, Q 2 > and Q' 2 = 0. The solid curves in Fig. 1 represent our T]',r], and 7r° 
model form factors (|T3"D , obtained through Eqs. (|TT|) (|13|) with our preferred = 42°. 

Note that all model input was fixed in Ref. [1(| and Ref. [I], so that our transition 
form factors are pure predictions. The agreement with experiment is thus relatively good, 
considering the absence of any additional model fitting in this paper. The main deficiency 



2 But also others, notably jtt + — > tt + tt°; see Refs. [20,21]. 
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in the description of the data is that our predictions are too high in the intermediate range 
of transferred momenta, 0.5 GeV 2 < Q 2 < 2 GeV 2 , at least for rf and 7r°. 

In Fig. 1, we also plot (by dotted curves) the r]',T], and tt° form factors ( Jl3| ) stemming 
from the Brodsky-Lepage (BL) Ansatz T^ L (-Q 2 , 0) for P = tt°, r] NS , rj s |25| . We do this to 
compare in a brief and compact, albeit very rough way, our results with the predictions of 
Abelian axial anomaly, vector meson dominance (VMD), and perturbative QCD (pQCD) 
in their regimes of validity. Namely, this Ansatz is adjusted so that it agrees with the axial 
anomaly predictions at Q 2 = (e.g., ^0(0, 0) = 1 /47r 2 / 7r ), while for large Q 2 it tends to the 
behavior oc l/Q 2 predicted by pQCD EHJ. Also, due to 871" 2 / 2 m 2 and 8n 2 f 2 « ml, 



the BL Ansatz is not very different from VMD, since their corresponding residues also agree 
approximately [p6[] . The BL Ansatz was shown to work well not only for P = 7r°, but also 



P = rj,rj' [pm . In the NS-S basis, it is given by 

rpBL / rfl n \ N c C P 2\/2fp 1 . g 

T p (-Q,0) = — , (P = 7T , tins, Vs) , (16) 

^ Q 2 

where N c = 3 and the flavor-charge factors are O = 1/3V2, C ms = 5/9V2, and C vs = 1/9. 
The dotted curves stem from the BL Ansatze (|16D for the case named "FKS scheme and 
phenomenology", which has f ms = 1.07 f n , f Vs = 1.34/ w and the mixing angle = 39.3° 
[T^ , P~5|JT8|1 . "FKS scheme and theory" has f ms = f n like we do, and f Vs = lAlf n and 



cf) = 42.4°, very similar to us, and yields curves which we do not plot because they are too 
close to our predictions. 

As stressed by Hayakawa and Kinoshita VMD still provides one of the best fits 



to the 7T° transition form-factor data. Nevertheless, in contrast to, e.g., compliance of the 
SD-BS approach with the axial anomaly [p8,29|, VMD seems to be the ingredient missing 



in the present approach, which relies on the BC vertex Ansatz. Maris and Tandy py] solved 
the SD equation for the dressed quark-photon vertex in a model similar to the present one. 
Their vertex solution exhibits the vector meson pole in the transverse part of the vertex, 
and this is the chief source of difference from the BC vertex Ansatz. Their vertex solution 
can be reasonably approximated for Q 2 > —m 2 by a phenomenological vertex Ansatz, the 
longitudinal part of which is given by the BC vertex, while the transverse part contains 
the p-meson pole term contributing significantly for relatively small but nonzero Q 2 . The 
transition form factor was calculated with the VMD-incorporating vertex solution only for 
7T° and up to intermediate momenta, the Q 2 range where our curves overshoot. Indeed, the 
required reduction of T 7r o(— Q 2 ,0) was found there ]^TJ. From Eq. (|T4D, it is obvious that 



this same mechanism would lead, in the low and intermediate Q 2 range, also to the reduction 
of the 77 and rj' transition form factors considered here. 

Finally, in Fig. 1 we also plot some of our model predictions for the Q 2 -dependence of the 
transition form factors when both photons are off-shell. In each curve triplet P = T]',i],7T , 
the dashed curve depicts the pertinent transition form factor ( |I"3"D for the special case of 
the symmetric 7*7* virtualities, Q' 2 = Q 2 . Such 7*7* form factors cannot be compared 
with experiment at present, since there are no published experimental data for any 7*7* — > 
TT°,i],ri' transitions yet. Nevertheless, there will hopefully be some such data in the future, 



from BaBar, Belle, and CLEO pip 
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FIGURE CAPTIONS 



1: The Q 2 dependence of various results for the form factors of P = rj', 77, tt°. The curves 
are obtained through Eq. ([13]) employing the empirical meson masses, M v i = 0.958 
GeV, M v = 0.547 GeV, and M^o = 0.135 GeV @. In the Q' 2 = case, for which we 
plot data from CELLO |9[ (circles), CLEO f23[ (triangles), and L3 |4j (squares), the 
solid curves correspond to our numerically obtained, model 7*7 transition form factors, 
and the dotted curves correspond to the BL ones. The dashed curves correspond to 
our 7*7* model form factors, but for the symmetric case Q' 2 = Q 2 . 
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